We present a systematic way of constructing boundary quantum group generators associated to non-diagonal solutions of the reflection equation for the XXZ model. This is achieved by studying the asymptotics of the corresponding open spin chain. Linear intertwining relations for the K matrix and Sklyanin's operator are also obtained, and the symmetry of the open transfer matrix is investigated.
Introduction
Quantum groups have attracted much interest recently because of their intrinsic mathematical interest [1] - [3] , but also because they provide a powerful scheme for deriving solutions of the Yang-Baxter equation [4] - [6] R 12 (λ 1 − λ 2 ) R 13 (λ 1 ) R 23 (λ 2 ) = R 23 (λ 2 ) R 13 (λ 1 ) R 12 (λ 1 − λ 2 ).
(1.1)
In particular, the R matrix can be attained by means of the quantum group approach [7, 8] by solving certain linear intertwining relations between the R matrix and co-products of the quantum group generators.
Recently it has been realized that a similar procedure can be implemented for solving the reflection equation [9] ,
In fact, 'boundary group generators' were constructed in [10] in the context of the boundary sine-Gordon model in the 'free fermion' point, and later in [11] for the A (1) n−1 and A (2) 2 models. Such objects were also employed for acquiring solutions of the reflection equation for a variety of 2D quantum integrable systems, see e.g. [12] - [16] . The derivation of the K matrix also requires the solution of linear intertwining relations between the K matrix and the boundary quantum group generators.
In this article boundary quantum group generators are constructed in a systematic way by means of the study of the asymptotics of the open spin chain. More specifically, the asymptotic behavior of the spin chain as λ → ±∞ yields certain conserved quantities, which turn out to be realizations of the boundary quantum group generators. Furthermore, explicit intertwining relations for the K matrix as well as for Sklyanin's operator (also a solution of (1.2)) are acquired. These relations bear algebraic Bethe ansatz type commutation relations for the open XXZ chain, similar to the ones appearing in [17] , enabling the study of the transfer matrix symmetry. Finally, we show that one of the conserved quantities entailed from the asymptotics of the transfer matrix actually commutes with the generators of the blob algebra [18, 19, 20] in the XXZ representation. In what follows the open XXZ spin chain is used as a paradigm, nevertheless the results of this investigation can be generalized for models associated to higher rank algebras as well.
To proceed with our investigation we need first to derive the open transfer matrix [17] . To achieve that we have to introduce the corresponding constructing elements, namely the R and K matrices. Let us briefly review some basic definitions regarding these matrices for the well known XXZ model.
• The R matrix is a solution of the Yang-Baxter equation (1.1) and the spin 1 2 representation of the XXZ R matrix is a 4 × 4 matrix with six non-vanishing elements given by
(1.
3)
The R matrix given by (1.3) is written in the so called principal gradation. One can obtain the corresponding R matrix in the homogeneous gradation by means of a simple gauge transformation i.e.,
where V(λ) = diag(1, e −µλ ).
• The K matrix is a solution of the reflection equation (1.2) and its spin 1 2 representation is a 2 × 2 matrix written in the principal gradation as [21, 22] 
The K matrix in the homogeneous gradation can be obtained by the gauge transformation
Now we are in the position to introduce the open transfer matrix [17] ,
T is also called Sklyanin's operator 2 , and the monodromy matrices T ,T are given as tensor products of R matrices
(1.9)
Note that T is a solution of the fundamental algebraic relation
whereas Sklyanin's operator T is a solution of the reflection equation (1.2) . Notice also that here the left boundary is considered to be M;
It can be shown [17] that the transfer matrix (1.7) provides a family of commuting operators i.e., t(λ 1 ), t(λ 2 ) = 0, (1.12) a fact that guarantees integrability of the model. 2 The operator T in the homogeneous gradation is obtained from T in the principal gradation via the gauge transformation
Quantum groups and asymptotic behavior
Our aim is the derivation of the conserved quantities of the XXZ model once the K matrix (1.5) is applied to the right end of the spin chain. To achieve that we consider the asymptotic behavior of the operator T (1.7) as λ → ∞. Note that in what follows the R matrix in the principal gradation (1.3) is used.
The quantum Kac-Moody algebra U q ( sl(2))
Before we proceed with the investigation of the asymptotic behavior let us briefly review some definitions concerning the quantum group structures, which will be useful in what follows. Let
be the Cartan matrix of the affine Lie algebra sl(2) [23] , and also define
Recall that the quantum affine enveloping algebra U q ( sl (2)) ≡ A has the Chevalley-Serre gen-
, 1} obeying the defining relations
and the q deformed Serre relations
This algebra is also equipped with a co-product ∆ : A → A ⊗ A such that
Let us write the N + 1 site co-product ∆ (N +1) : A → A ⊗(N +1) by iterating, i.e.,
It is convenient for what follows to introduce also the co-product
by cyclically permuting the last to the first site of the co-product (2.6). In particular, let X and Y any two abstract operators and P ij be the permutation operator such that
then it immediately follows that
The important observation is that in expressions (2.6), (2.7) ∆ N (y) remains unchanged, furthermore although we essentially deal with a N + 1 site co-product in (2.6), (2.7), in fact we treat it as if it is a two site co-product. More specifically, the first site is occupied by an element of A, whereas the 'second' site is occupied by an element of A ⊗N . Both expressions (2.5), (2.6) are very useful for what is described in the subsequent sections.
Finally by using (2.6) (with N → N − 1) repeatedly we can derive explicit expressions for the co-product for any N 3 as:
The opposite co-product
, and they only coincide when N = 2.
The asymptotic behavior
Having introduced the necessary algebraic background in the previous section we can come now to our main objective, which is the study of the open spin chain asymptotics. Note that in the asymptotic expansion of T we shall keep e µλ and zero order terms as well 4 . Let us first describe 3 For simplicity we write ∆ (2) (x) = ∆(x) and ∆ (1) (x) = x, x ∈ A. 4 In the homogeneous gradation it suffices to keep only e µλ terms. By keeping higher order terms one can presumably attain higher non-trivial conserved charges, this case however will be examined in detail elsewhere.
the asymptotic behavior of the R, K and T ,T matrices for the XXZ model in the principal gradation. As λ → ∞ the R matrix (1.3) becomes
where
and σ ±,z are the usual 2 × 2 Pauli matrices. The K matrix (1.5) becomes as λ → ∞
From (1.9) and (2.12) the asymptotics of T ,T as λ → ∞ can be easily obtained i.e.
where we define
The operators K i , E i and F i provide representations of the quantum Kac-Moody algebra U q ( sl (2)) (2.3)-(2.5) acting on (C 2 ) ⊗N , with explicit expressions given by
The above quantities (2.18) can be written in a more general form by attaching at each site of the spin chain a different representation of U q ( sl (2)) (e.g. higher spin representations of U q ( sl(2)) or the cyclic representation for q at roots of unity [24] ). Taking into account the asymptotics of the T ,T (2.16) and K matrices (2.14), (2.15) as λ → ∞ and also (1.7) one can derive the corresponding behavior of Sklyanin's operator T (1.7), namely 
where the non-local charges Q i , i ∈ {0, 1} are given by the following expression
and x ± = ± e ±iµξ 2κ sinh iµ . Eventually, the transfer matrix, which is the trace of T (1.7), becomes as λ → ∞
and by virtue of the commutation relation (1.12) we obtain
The derivation of the non-local charges Q i (2.21) and their commutation with the transfer matrix of the open XXZ spin chain (2.23) are among the main results of this work.
Intertwining relations for the K matrix
In what follows an explicit connection with the quantum group generators constructed in [10, 13] will be made. Consider the combination of the quantum Kac-Moody algebra generators
Q i are equipped with a boundary co-product left from A and defined by the following expression (see also (2.21)),
Taking into account the co-product expressions (2.5), we can rewrite the above boundary coproduct (3.2) in a more convenient form (see also [15] ) i.e.,
The Q i form the affine boundary quantum group B ⊂ A [15] , notice however that the boundary co-product (3.3) is not closed on B ⊗N .
Let now ρ λ be the evaluation representation of
σ z , which implies that (3.4) provides actually a deformation of the the sl(2) loop algebra with zero center. Note also that Q i (2.21) are tensor product representations of Q i acting on (C 2 ) ⊗N , in particular (see also (2.18))
and consequently (2.21), (3.2)
so indeed open spin chains provide in a quite natural way tensor product representations of the affine boundary quantum group [10, 11, 13] .
From relations (3.1), (3.4) it can be deduced that
The charges ρ λ (Q i ) are exactly the ones constructed in [10, 11, 13] , and it can be shown by inspection that they satisfy the following intertwining relations with the c-number K matrix (1.5) (see also [11, 13] )
The latter equations are the boundary analogues of the well known 'commutation' relations
where R is the spin XXZ matrix (1.3), and in general with the help of equations (2.6), (3.4), (3.5) we can write
and also from (2.7), (3.4), (3.5) (2.18) , and for N = 1 (one site) apparently
Notice that on the first site of (3.10), (3.11) the representation ρ λ acts, whereas on the 'second' site, which is essentially a composite of N sites, the tensor product representation ρ ⊗N 0 acts. Relations of the type (3.9) were derived originally in [7, 8] , and also used extensively for deriving R matrices and exact S matrices in 2D quantum integrable models [7, 25] . On the other hand relations (3.8) were employed in e.g. [12] - [16] for obtaining solutions of the reflection equation (1.2) associated to a variety of integrable models.
Suitable realizations of the generators e i , f i , k i can be chosen corresponding e.g. to higher spin representations of U q (sl (2)). For instance in [13] spin S representations of U q (sl(2)) were used for the derivation of higher spin K matrices. In this case one uses exactly the same relations (3.7), (3.8) as in the spin 1 2 representation but now with
where S ± , S z form the spin S representation of U q (sl (2)) acting on C 2S+1 .
In the last two sections we were able to identify the boundary group generators via the asymptotic behavior of T . Indeed the asymptotics of Skyanin's operator gave rise to certain representations of Q i (2.21). Furthermore, we showed that suitable representations of Q i 's (3.7) 'commute' with the c-number K matrix (1.5) via the intertwining relation (3.8) . By means of the 'commutation' relations (3.8) it is possible to attain generalized intertwining relations for Sklyanin's operator.
Intertwining relations for the T and T matrices
The main objective here is the derivation of generalized intertwining relations of the type (3.9), (3.8) for the monodromy matrix and for Sklyanin's operator respectively. With the help of these relations the commutation of the transfer matrix with the non-local charges (2.21) will be shown.
It is useful to derive first the intertwining relations for the monodromy matrices. From the 'commutation' relations for the R matrix (3.9) one can deduce by induction similar generalized relations for the monodromy matrix, as an immediate consequence of the co-product structure of T (1.9) (see also [26] ), in particular
are given by (3.10), (3.11).
Relations analogous to (4.1) can be obtained for theT matrix; indeed notice from (1.9) that
where t 01...N is the total transposition. Then by considering the total transposition in (3.10) and by means of (2.18), it is deduced
and by totally tansposing (4.1) we conclude
Having established the fundamental relations (4.1), (4.4) for the monodromy matrices T and T we can now turn to the boundary case and establish similar relations for Sklyanin's operator T . It can be derived by virtue of (3.5), (3.6)
where recall ρ λ (Q i ) are given by (3.7) and Q i are the non-local charges defined in (2.21), (3.6).
Using relations (4.1), (4.4), (4.5), and also (2.21), (3.7) it follows that
the last two equations (4.6) combined with (3.8), (4.5) give rise to the following generalized intertwining relation for the T matrix
where (ρ λ ⊗ρ
is a very important result bearing explicit algebraic relations among the entries of the T matrix and the non-local charges (2.21) (see [26] for the bulk analogue). Indeed let
then with the help of (3.7) and (4.5), (4.7) the following algebraic relations are entailed
where we define [X, Y ] q = qXY − q −1 Y X. The algebraic relations (4.9) together with (4.7) are of the most important results of this article. Note that equations (4.9) are essentially algebraic Bethe ansatz type commutation relations similar to the ones appearing in [17] . Finally, from (4.8), (4.9) it immediately follows t(λ), Q 1 = 2 sinh µ(λ + i)(B − C), t(λ), Q 0 = −2 sinh µ(λ + i)(B − C) (4.10)
and we conclude that
We arrived at the same result as in (2.23) starting from a completely different point of view, by simply exploiting the generalized intertwining relation (4.7). It should be emphasized here that the procedure described in the present section provides a very convenient and effective way for studying the symmetry of open spin chains, and this is indeed the first time that this method is used in this context.
Relations similar to (4.9) can be obtained for the R and K matrices in the homogeneous gradation by virtue of the gauge transformations (1.4), (1.6) . In this case it can be directly shown by applying the gauge transformation on (3.8) that by (3.7) . Also, the transfer matrix in the homogeneous gradation is (1.7)
where T (h) is given by (1.8) and recall that in the homogeneous gradation M = diag(q, q −1 ). Then by multiplying (4.5), (4.7) and (4.8) with V 0 (λ) from the left and from the right and also using (4.13) it follows that
It is clear that relations of the type (4.7), (4.9) can be used for obtaining the symmetries discussed in [27] - [29] for the special case where K is diagonal.
The blob algebra
As proposed in [20] an effective way of finding solutions of the reflection equations (1.2) is by exploiting certain algebraic structures such as Temperley-Lieb and blob algebras [18, 19, 20] .
In what follows a connection between the boundary group generators (2.21) and the generators of the blob algebra will be made. In particular, we shall show that the non-local charge Q 1 (2.21) commutes with the XXZ representation of the blob algebra generators [19, 20] .
The blob algebra b N (q, Q) is defined by generators U 1 , U 2 , ...U N −1 and U 0 , and relations:
, q = e iµ , and δ 0 , γ are constants depending on q and Q = e imµ . We give here the generators U i , i ∈ {1, .., N − 1}, U 0 of the blob algebra in the XXZ representation, i.e. let h :
with h(U i ) acting non-trivially on V i ⊗ V i+1 , (where V i = C 2 ) and h(U 0 ) acting on V 1 . Note that h(U i ) are actually the XXZ representations of the Temperley-Lieb algebra generators [18, 19, 20] .
As explained in [20] the K matrix (1.5) -in the homogeneous gradation (1.6)-can be written in terms of the blob algebra generator h(U 0 ) (5.2) as
by making the following identifications and then by means of (3.3), (3.6), and (5.2) it follows that (5.5) is valid for any N.
It is also well known (see e.g [27] ) that the generators of the Temperley-Lieb algebra in the XXZ representation h(U i ) (5.2) commute with the quantum group generators (2.18), i.e.
and by virtue of (2.21) it is obvious that h(U i ), Q 1 = 0. The commutation relations (5.8), which are also among the main results of this work, are the boundary analogues of (5.6) and they can be used for studying the symmetry of the open XXZ spin chain Hamiltonian as e.g. in [27] , recall that the open spin chain Hamiltonian can be solely expressed in terms of the blob algebra generators in the XXZ representation (5.2). We hope to report on this subject in more detail elsewhere [30] .
Discussion
Given a K matrix, solution of the reflection equation (1.2), one can explicitly construct conserved quantities (2.21) via the open spin chain asymptotic behavior as λ → ∞. Note that solutions of the reflection equation (1.2) can be available by means of a variety of techniques such as e.g. the Hecke algebraic approach [20] . The important observation here is that the conserved quantities (2.21) are in fact realizations of the so called boundary quantum group [10, 11] . Having attained these quantities linear intertwining relations between the K matrix and the boundary quantum group generators (3.8), (3.7) as well as between Skyanin's operator and co-products of the boundary quantum group (4.6) can be identified. In particular, the generalized relation (4.6) turns out to be of great importance, because it provides algebraic relations (4.9) between the entries of the transfer matrix and the non-local charges (2.21), facilitating the study of the transfer matrix symmetry. Moreover, we were able to show that one of the conserved quantities (2.21) commutes with the XXZ representation of the blob algebra generators, a fact that enables the investigation of the symmetry of open spin chain Hamiltonians [30] .
The procedure described in this article is quite powerful and it can be generalized in a straightforward manner for models associated to higher rank algebras such as e.g A (1) n−1 , (see also [11] ).
